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1. INTRODUCTION
A function whose derivative is not too large cannot grow fast enough to
become too large itself. This simple observation is of fundamental impor-
tance in many areas of analysis and its appearance in various, more
precise, forms has provided basic tools in Harmonic Analysis, Differential
Equations, Interpolation Theory, and others.
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In this paper we apply this principle to solutions of certain overdeter-
mined, two-point boundary value problems in order to characterize
weighted Lebesgue norm inequalities involving higher order derivatives.
We extend results of Gurka for weighted inequalities involving solutions of
the first-order overdetermined problem
uX s f in 0, 1 , u 0 s u 1 s 0, 1.1 .  .  .  .
w xwhich can be found in 8, Chap. 1, Sect. 8 , and improve results of Kufner
w xand Simader 6 for the higher-order overdetermined problem
ukq1. s f in 0, 1 , u 0 s uX 0 s ??? s uk . 0 s uk . 1 s 0. .  .  .  .  .
1.2 .
Our main result is to give a characterization of weighted inequalities for
the more general higher-order overdetermined problem
ukq1. s f in 0, 1 , .
u i. 0 s 0 for i g M , . 0
1.3 .
u i. 1 s 0 for i g M , . 1
uk . 0 s uk . 1 s 0, .  .
 4where M and M are appropriate subsets of 0, 1, . . . , k y 1 .0 1
 .  .  .For each of these boundary value problems 1.1 , 1.2 , and 1.3 , we give
easily verified necessary and sufficient conditions which answer the ques-
tion: For which weights w and w and indices p and q does there exist a0
constant C such that
1rq 1rp
1 1q p< < < <u w F C f wH H0 /  /0 0
 .   .  ..for all functions f and u satisfying 1.1 or 1.2 or 1.3 .
w xOur approach draws on known Hardy-type inequalities, see 8 , on
recent results which provide weighted inequalities for integral operators
w xwith fairly general positive kernels 11 , and on higher-order Hardy in-
w xequalities 2]5, 7, 9 . After introducing some notation we begin with a
w xsimple lemma based on an idea of R. Oinarov, mentioned in 6 , which
shows that boundedness of a positive operator on a certain hyperplane in
L p is equivalent to boundedness on the whole space.w
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A weight is a non-negative, measurable function. If w is a weight and
0 - p - ` we denote the collection of functions f for which
1rp
1 p5 5 < <f ' f wpw H /0
is finite by L p. If p G 1 this is a Banach space. We define pX byw
1rp q 1rpX s 1 even when p - 1. The notation A f B means that there
are positive constants c and c such that A F c B and B F c A. A1 2 1 2
non-negative operator on functions is one that maps non-negative func-
tions to non-negative functions. The characteristic function of the set E,
denoted x , takes the value 1 on the set E and the value 0 otherwise.E
LEMMA 1.1. Let 1 - p - `, 0 - q - `, and let w and w be weights.0
Suppose that z satisfies
z zX X X X1 11yp 1yp 1yp 1ypw f w - ` or w s w s ` 1.4 .H H H H
0 z 0 z
and set
z 1
H s g : g s g .H H 5
0 z
If T is a non-negati¨ e linear operator then T : H l L p ª Lq if and only ifw w 0
T : L p ª Lq .w w 0
Proof. The ``if'' part of the theorem is trivial. To prove the other
direction, suppose that T : H l L p ª Lq . Since L1 l L p is dense in L pw w w w0
it is enough to show that T : L1 l L p ª Lq . Fix g in L1 l L p andw w w0z < < 1 < <suppose, without loss of generality, that H g F H g .0 z
Case 1. Suppose that H z w1yp
X
f H1 w1yp
X
- `. Set0 z
zX 11yp < < < <h s a w g y g x ,H H 0, z . /z 0
where 1ra s H z w1yp
X
. Clearly h G 0 and a simple calculation shows that0
< < < <g q h g H. Since g F g q h, we have
5 5 5 < < 5 5 < < 5 5 5 5 5Tg F T g q h F C g q h F C g q C h .q w q w pw pw pw0 0
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5 5 X 5 5so to complete the first case we have only to show that h F C gpw pw
for some constant CX. We estimate the norm of h using Holder's inequalityÈ
 .and property 1.4 of z.
1rpz zX X1 11yp . p 1r p5 5 < < < < < <h s a w w g y g F a gpw H H H H /  /0 z 0 z
1rpX 1rp
X X1 1 p X1r p 1yp < < 5 5F a w g w F C gH H pw /  /z 0
as required.
Case 2. Suppose that H z w1yp
X
s H1 w1yp
X
s `. For each positive integer0 z
n set
zX 11yp < < < <h s a w g y g x ,H Hn n n 0 , z . /z 0
1ypX 1ypX X z 1yp
X
< <1y pwhere w s w x and 1ra s H w . Again, h G 0, g qn w - n4 n 0 n n
< <h g H, and g F g q h so for each n we haven n
5 5 5 < < 5 5 < < 5 5 5 5 5Tg F T g q h F C g q h F C g q C h . .q w q w pw pw pwn n n0 0
Now w1yp
X
is zero where w / w son
1rpz zX X1 11yp . p 1r p5 5 < < < < < <h s a w w g y g F a g .pw H H H Hn n n n /  /0 z 0 z
5 5 5 5As n ª ` we see that a ª 0 so we have Tg F C g whichq w pwn 0
completes the second case and the proof.
Remark. Although we may choose z so that there is equality in the first
 .part of 1.4 , the weaker restriction is enough and the extra freedom may
prove to be useful when verifying the conditions of Theorems 2.3, 3.7, and
3.8.
We note that for some weights w it is not possible to find a z satisfying
 .1.4 .
2. THE FIRST-ORDER, OVERDETERMINED PROBLEM
In this section we characterize the weights w and w for which there0
exists a constant C such that
5 5 5 5u F C f , for f and u satisfying 1.1 . 2.1 .  .q w pw0
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Gurka has solved this problem for indices p and q satisfying 1 - p F q - `
but our conditions, while still necessary and sufficient, are different in
w xform than his. Gurka's work is presented in 8, Chap. 1, Sect. 8 .
We also solve the problem in the case 0 - q - p, 1 - p - `.
 .DEFINITION 2.1. For fixed z g 0, 1 , let S s S q S where1 2
x 1
S g x s g x x and S g x s g x x . .  .  .  .H H1 0 , z . 2  z , 1. /  /0 x
Note that S and S , and hence S, are non-negative operators.1 2
 . LEMMA 2.2. Suppose that f and u satisfy 1.1 and set g s x y0, z .
.x f. Then u s Sg. z, 1.
 .  .Proof. Since u 0 s u 1 s 0 we have
x 1
u x s f s y f . H H
0 x
and hence
x 1
u x s f x x y f x x s Sg x . .  .  .  .H H0, z .  z , 1. /  /0 x
THEOREM 2.3. Let 0 - q - ` and 1 - p - `. Suppose w and w are0
 .  .weights and z satisfies 1.4 . Then there exists a constant C such that 2.1
 .  .holds if and only if I or II below holds.
 .I 1 - p F q - `,
1rq 1rpXz x X1ypsup w w - `, 2.2 .H H0 /  /x 00-x-z
and
1rq 1rpXx X1 1ypsup w w - `. 2.3 .H H0 /  /z xz-x-1
 .II 0 - q - p, 1 - p - `, 1rr s 1rq y 1rp,
X 1rrrrp rrpz z x X1ypw w w x dx - `, 2.4 .  .H H H0 0 /  / /0 x 0
and
X 1rrrrp rrpx X1 1 1ypw w w x dx - `. 2.5 .  .H H H0 0 /  / /z z x
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 . p qProof. We begin by showing that 2.1 holds if and only if S : L ª L .w w 0
p q  .Suppose first that S : L ª L and that f and u satisfy 1.1 . Now, withw w 0
 .g s x y x f , we use Lemma 2.2 and the boundedness of S to get0, z .  z, 1.
5 5 5 5 5 5 5 5u s Sg F C g s C f .q w q w pw pw0 0
 .Conversely, suppose that 2.1 holds. According to Lemma 1.1, it is enough
5 5 5 5 p z 1to prove that Sg F C g for functions g g L satisfying H g s H gq w pw w 0 z0
in order to conclude that S : L p ª Lq . Fix such a g and define f and uw w 0
by
x
f s x y x g , u x s f . .  . H0, z .  z , 1.
0
 . 1 z 1  .Since u 1 s H f s H g y H g s 0 it is clear that f and u satisfy 1.1 .0 0 z
Thus, using Lemma 2.2 again,
5 5 5 5 5 5 5 5Sg s u F C f s C g .q w q w p w pw0 0
To complete the proof, we show that the boundedness of S is equivalent
 .  .to the conditions in I and II .
Since S is the sum of the two non-negative operators S and S , it is1 2
bounded if and only if both S and S are bounded. The boundedness of1 2
S : L p ª Lq means that there exists a constant C such that1 w w 0
1rqq 1rpx1 1 p< <g x x w x dx F C g w .  .H H H0, z . 0 /  / /0 0 0
w xfor all functions g on 0, 1 . Since the left hand side does not depend on
w xthe values of g on z, 1 , the above inequality is clearly equivalent to the
inequality
1rqq 1rpz x z
p< <g w x dx F C g w 2.6 .  .H H H0  / /0 0 0
w xfor all functions g on 0, z . The weights for which this type of Hardy
winequality holds have been completely characterized. See 8, Theorems
x  .1.14, 1.15, and 9.3 . The inequality 2.6 holds if and only if 1 - p F q - `
 .  .and 2.2 holds or 0 - q - p, 1 - p - `, 1rr s 1rq y 1rp, and 2.4
holds.
A similar analysis shows that the boundedness of S reduces to a2
 .  .conjugate Hardy inequality which yields the conditions 2.3 , 2.5 . This
completes the proof.
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Remark. Techniques are available for dealing with the endpoint cases
0 - q - p s `, 1 - p F q s `, p s 1 F q F `, and 0 - q - p s 1. In
particular, weighted Hardy inequalities have been characterized in these
w xcases. See 8, Chap. 1, Sect. 5; 10 . Our methods produce results in these
cases with only minor modifications.
3. HIGHER-ORDER, OVERDETERMINED PROBLEMS
We begin this section with a discussion of boundary value problems
which have the ``right'' number of boundary conditions, that is, the number
of boundary conditions is the same as the order of the problem.
 4Let N s 0, 1, . . . , i y 1 and fix subsets M and M of N such thati 0 1 k
< < < <M q M s k. We consider the boundary value problem0 1
uk . s f ; u i. 0 s 0 for i g M , u i. 1 s 0 for i g M 3.1 .  .  .0 1
w xfor some locally integrable function f. Drabek and Kufner 2 have shownÂ
that it has a unique solution for every locally integrable function f if and
 .only if M , M satisfies the Polya conditionÂ0 1
< < < <M l N q M l N G i , i s 1, 2, . . . , k . 3.2 .0 i 1 i
To better understand this condition we introduce the 2 = k incidence
 .  .matrix E s e of M , M by setting e s 1 if i y 1 g M and e s 0a i 0 1 a i a a i
 .otherwise. The condition 3.2 states that there are at least i 1's in the first
i columns of E for i s 1, 2, . . . , k.
 .For a pair M , M satisfying the Polya condition there is a Green'sÂ0 1
 .  .  wfunction G x, s for the boundary value problem 3.1 see, for example, 1,
x.  .p. 162ff so that for any locally integrable function f , the solution of 3.1
is given by
1
u x s G x , s f s ds. .  .  .H
0
These Green's functions are well understood. If M s N and M is0 k 1
empty, then
ky1x y s .
G x , s s x s . 3.3 .  .  .0, x .k y 1 ! .
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If M s N and M is empty then1 k 0
ky1x y s .
G x , s s y x s . .  . x , 1.k y 1 ! .
 . w xFor any other pair, M , M , Sinnamon 9 has verified a conjecture of0 1
Kufner showing that the associated Green's functions are equivalent to
functions of a particularly simple form. This result is reproduced in
Proposition 3.2 below.
 .DEFINITION 3.1. For a pair M , M we define non-negative integers a,0 1
b, c, and d, as follows: Let a be the number of consecutive 1's beginning
the top row of E; b be the number of consecutive 1's beginning the bottom
row of E; c be the number of consecutive 0's ending the top row of E; and
d be the number of consecutive 0's ending the bottom row of E. Also
define A, B, C, and D by
a y 1, if a q c s k c y 1, if a q c s kA s C s a, if a q c - k , c, if a q c - k ,
b y 1, if b q d s k d y 1, if b q d s kB s D s b , if b q d - k , d, if b q d - k .
To illustrate the definition we offer an example. Take k s 6, M s0
 4  40, 1, 2 , and M s 1, 3, 4 . Then we have1
1 1 1 0 0 0E s , /0 1 0 1 1 0
a s 3, b s 0, c s 3, d s 1, A s 2, B s 0, C s 2, and D s 1. Notice that
 .M , M satisfies the Polya condition.Â0 1
 . < < < <PROPOSITION 3.2. Suppose that M , M satisfies M q M s k and0 1 0 1
 .the Polya condition 3.2 and that neither M nor M is empty. Then theÂ 0 1
 .  .Green's function, G x, s , of the boundary ¨alue problem 3.1 satisfies
B da CG x , s f x 1 y x s 1 y s , for 0 - x - s - 1, 3.4 .  .  .  .
and
b DA cG x , s f x 1 y x s 1 y s , for 0 - s - x - 1. 3.5 .  .  .  .
 .  .Note that since the Green's function G x, s is continuous on 0, 1 =
 .  .  .0, 1 it follows that G does not change sign on 0, 1 = 0, 1 , a remark
 .which includes the function G from 3.3 as well.
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Before we turn to the overdetermined case, we pause to introduce the
weight conditions that arise.
DEFINITION 3.3. Suppose that 1 - p - `, 0 - q - `, l ) 0, ¨ and ¨0
w xare weights on a, b , and f is a non-negative, continuous function on
w x  .a, b . Set r s pqr p y q .
w x  .  ..Define B a, b , ¨ t , ¨ t to be0
1rq 1rpXx Xb 1ypsup ¨ t dt ¨ t dt if p F q , .  .H H0 /  /x aa-x-b
and
X 1rrrrp rrpx Xb b 1yp¨ t dt ¨ t dt ¨ x dx if q - p , .  .  .H H H0 0 /  / /a x a
Xw x  .  ..and B a, b , ¨ t , ¨ t to be0
1rq 1rpXx Xb 1ypsup ¨ t dt ¨ t dt if p F q , .  .H H0 /  /a xa-x-b
and
X 1rrrrp rrpx Xb b 1yp¨ t dt ¨ t dt ¨ x dx if q - p. .  .  .H H H0 0 /  / /a a x
w x  .  .  ..Define B a, b , f s , l, ¨ t , ¨ t to be1 0
1rq Xlq 1rpx Xb t 1ypsup f ¨ t dt ¨ t dt if p F q , .  .H H H0 /  / /x x aa-x-b
and
1rrXrrqlq rrqx X Xb b t 1yp 1yp
f ¨ t dt ¨ t dt ¨ x dx .  .  .H H H H0 /  / / /a x x a
if q - p ,
Xw x  .  .  ..and B a, b , f s , l, ¨ t , ¨ t to be1 0
1rq Xlq 1rpx x Xb 1ypsup f ¨ t dt ¨ t dt if p F q , .  .H H H0 /  / /a t xa-x-b
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and
1rrXrrqlq rrqx x X Xb b 1yp 1yp
f ¨ t dt ¨ t dt ¨ x dx .  .  .H H H H0 /  / / /a a t x
if q - p.
w x  .  .  ..Define B a, b , f s , l, ¨ t , ¨ t to be2 0
X 1rpX1rq l p
Xx xb qyp
sup ¨ t dt f ¨ t dt if p F q , .  .H H H0 /  / /x a ta-x-b
and
X 1rrX rrprrp l px x Xb b 1yp¨ t dt f ¨ t dt ¨ x dx if q - p , .  .  .H H H H0 0 /  / / /a x a t
X w x  .  .  ..and B a, b , f s , l, ¨ t , ¨ t to be2 0
X 1rpX1rq l px Xb t 1ypsup ¨ t dt f ¨ t dt if p F q , .  .H H H0 /  / /a x xa-x-b
and
X 1rrX rrprrp l px Xb b t 1yp¨ t dt f ¨ t dt ¨ x dx if q - p. .  .  .H H H H0 0 /  / / /a a x x
w x  .  ..We remark that B a, b , ¨ t , ¨ t is finite if and only if the Hardy0
inequality
1rqq 1rpxb b p
f t dt ¨ x dx F C f x ¨ x dx .  .  .  .H H H0  / /a a a
w xholds for all f. A history of this problem may be found in 8 and a simple
w xproof of the case 0 - q - p, 1 - p - ` was given recently in 10 . A
Xw x  .  ..change of variable shows that B a, b , ¨ t , ¨ t is finite if and only if0
the conjugate Hardy inequality
1rqq 1rp
b b b p
f t dt ¨ x dx F C f x ¨ x dx .  .  .  .H H H0  / /a x a
holds for all f.
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w x  .  .  .. w x  .  .  ..Both B a, b , f s , l, ¨ t , ¨ t and B a, b , f s , l, ¨ t , ¨ t are1 0 2 0
w xfinite if and only if, by Theorem 1.1 in 11 , the inequality
1rqq
l 1rpx xb b p
f s ds f t dt ¨ x dx F C f x ¨ x dx .  .  .  .  .H H H H0 /  / /a a t a
Xw x  .  .  .. X w x  .  .  ..holds. Also, B a, b , f s , l, ¨ t , ¨ t and B a, b , f s , l, ¨ t , ¨ t1 0 2 0
are both finite if and only if the inequality
1rqq
l 1rp
b b t b p
f s ds f t dt ¨ x dx F C f x ¨ x dx .  .  .  .  .H H H H0 /  / /a x x a
holds.
 .  .Now we return to the boundary value problems 1.2 and 1.3 . We solve
 .  .these overdetermined problems by successively solving 1.1 and then 3.1 .
< <DEFINITION 3.4. Suppose M and M are subsets of N , with M q0 1 k 0
< <  .M s k, that satisfy the Polya condition and let G x, s be the Green'sÂ1
 .function of the problem 3.1 . Define T by
z z 1 t
Tg x s g t G x , s ds dt q g t G x , s ds dt. .  .  .  .  .H H H H
0 t z z
LEMMA 3.5. Let 0 - q - ` and 1 - p - `, let w and w be weights,0
 . < < < <and let z satisfy 1.4 . Suppose M and M are subsets of N , and M q M0 1 k 0 1
s k, that satisfy the Polya condition. Then there exists a constant C such thatÈ
5 5 5 5u F C f , for f and u satisfying 1.3 3.6 .  .q w pw0
if and only if T : L p ª Lq .w w 0
p q  . Proof. Suppose T : L ª L and f and u satisfy 1.3 . Set g s xw w 0, z .0
. k .  .yx f. Since f and u satisfy 1.1 we may apply Lemma 2.2 to get z, 1.
uk . s Sg, where S is the operator of Definition 2.1. Since uk . and u
 .satisfy 3.1 we also get
1 k .u x s G x , s u s ds. .  .  .H
0
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Combining these, and using the fact that G does not change sign on
 .  .0, 1 = 0, 1 , we have
1
"u x s G x , s Sg s ds .  .  .H
0
z s 1 1
s G x , s g t dt ds q G x , s g t dt ds .  .  .  .H H H H
0 0 z s
z z 1 t
s g t G x , s ds dt q g t G x , s ds dt s Tg x . .  .  .  .  .H H H H
0 t z z
Thus,
5 5 5 5 5 5 5 5u s Tg F C g s C f .q w q w pw pw0 0
 .Conversely, suppose that 3.6 holds. Since T is a non-negative operator,
5 5 5 5Lemma 1.1 shows that it is enough to prove that Tg F C g forq w pw0
functions g g L p satisfying H zg s H1g in order to conclude that S : L p ªw 0 z w
Lq . Fix such a g and define f and u byw 0
1
f s x y x g , u s G x , s Sg s ds. .  .  .H0, z .  z , 1.
0
 .  .Calculating as above we see that "u x s Tg x . The definition of u
 .shows that Sg and u satisfy 3.1 so we have the endpoint conditions
u i. 0 s 0 for i g M and u i. 1 s 0 for i g M . .  .0 1
k . .We also have u x s Sg so, using Definition 2.1,
uk . 0 s Sg 0 s 0 and uk . 1 s Sg 1 s 0. .  .  .  .
Finally, differentiation yields ukq1. s f and we have shown that f and u
 .satisfy 1.3 . Thus
5 5 5 5 5 5 5 5Tg s u F C f s C gq w q w pw pw0 0
which completes the proof.
 .THEOREM 3.6. Suppose that p, q g 1, ` , w and w are weights, and z0
 .satisfies 1.4 . Then there exists a constant C such that
5 5 5 5u F C f , for f and u satisfying 1.2 3.7 .  .q w pw0
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if and only if
w xB 0, z , 1, k , w t , w t - `, 3.8 .  .  . .1 0
w xB 0, z , 1, k , w t , w t - `, 3.9 .  .  . .2 0
yp .ky1 qw xB z , 1 , t y z w t , t y z w t - `, 3.10 .  .  .  .  . /0
k qX w xB z , 1 , t y z w t , w t - `, 3.11 .  .  .  . .0
and
1rq 1rpXz X X1  . j p 1ypkyj qsup t y z w t dt z y t w t dt - `. .  .  .  .H H0 /  /z 0js1, . . . , k
3.12 .
 .Proof. Note that the boundary value problem 1.2 is a special case of
 .the problem 1.3 ; we just take M s N and let M be empty. By Lemma0 k 1
 .  .3.5 it is enough to prove the equivalence of the conditions 3.8 ] 3.12 and
p q  .  .the boundedness of T : L ª L . Using the expression 3.3 for G x, s ,w w 0
Definition 3.4 reduces to
ky1
z z x y s .
Tg x s g t x s ds dt .  .  .H H 0, x .k y 1 ! .0 t
ky1x y s .1 t
q g t x s ds dt. .  .H H 0, x .k y 1 ! .z z
If x - z the second term drops out and, performing the inner integration
in the first term we have
k
x x y t .
Tg x s g t dt. .  .H k!0
If x ) z some careful simplification yields
k k
z x y t y x y z .  .
Tg x s g t dt .  .H k!0
k k k
x x y z y x y t x y z .  .  . 1
q g t dt q g t dt . .  .H Hk! k!z x
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 .  .  .  .  .Thus k!Tg x s T g x q T g x q T g x q T g x , where1 2 3 4
x kT g x s x y t g t dt x x , .  .  .  .H1 0 , z .
0
 .a Riemann]Liouville operator on 0, z ;
z k kT g x s x y t y x y z g t dt x x .  .  .  .  .H2  z , 1.
0
k zk ky j js x y z z y t g t dt x x , .  .  .  . H  z , 1. /j 0js1
a sum of rank one operators;
x k kT g x s x y z y x y t g t dt x x .  .  .  .  .H3  z , 1.
z
xky1f x y z t y z g t dt x x , .  .  .  .H  z , 1.
z
 .which is equivalent to a Hardy operator on z, 1 ; and
1kT g x s x y z g t dt x x , .  .  .  .H4  z , 1.
x
 .a conjugate Hardy operator on z, 1 .
Note that the Binomial Theorem gives the equation
kk k kx y t y x y z s x y z q z y t y x y z .  .  .  .  .
k k ky j js x y z z y t .  .  /j
js1
used to simplify T and the straightforward estimate2
ky1 k k ky1t y z x y z F x y z y x y t F k t y z x y z , .  .  .  .  .  .
0 - z - t - x - 1,
was used to simplify T .3
Since T , T , T , and T are non-negative operators their separate1 2 3 4
boundedness is necessary and sufficient for the boundedness of their sum.
 .  .T is bounded if and only if 3.8 and 3.9 hold. The Hardy operators T1 3
 .  .and T are bounded if and only if 3.10 and 3.11 hold, respectively. The4
sharpness of Holder's inequality can be used to show that T is bounded ifÈ 2
 .and only if 3.12 holds.
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If M s N and M is empty it is easy to formulate and prove a similar1 k 0
theorem. We omit the details.
 .THEOREM 3.7. Suppose p, q g 1, ` , w and w are weights, z satisfies0
 .  41.4 , and M and M are non-empty subsets of 0, 1, . . . , k y 1 such that0 1
< < < <M q M s k which satisfy the Polya condition. Then there exists a con-Â0 1
stant C such that
5 5 5 5u F C f for f and u satisfying 1.3 3.13 .  .q w pw0
if and only if
yp
zBq dX aq Cw xB 0, z , t 1 y t w t , s 1 y s ds w t - `, .  .  .  .H0  / /t
D b qc A qw xB 0, z , s 1 y s , 1, t 1 y t w t , w t - `, .  .  .  . .1 0
D b qc A qw xB 0, z , s 1 y s , 1, t 1 y t w t , w t - `, .  .  .  . .2 0
q
zBq daq Cw xB 0, z , t 1 y t s 1 y s ds w t , w t - `, .  .  .  .H 0 / /t
X 1rpXp1rqz X1 tBq d 1ypaq Ct 1 y t w t dt s 1 y s ds w t dt - `, .  .  .  .H H H0 /  / /0 z z
yp
tb q DA q cw xB z , 1 , t 1 y t w t , s 1 y s ds w t - `, .  .  .  .H0  / /z
d BqX C aqw xB z , 1 , s 1 y s , 1, t 1 y t w t , w t - `, .  .  .  . .1 0
d BqX C aqw xB z , 1 , s 1 y s , 1, t 1 y t w t , w t - `, .  .  .  . .2 0
q
tb q DX A q cw xB z , 1 , t 1 y t s 1 y s ds w t , w t - `, .  .  .  .H 0 / /z
and
X 1rpXp1rq z z X1 b q D 1ypA q ct 1 y t w t dt s 1 y s ds w t dt - `. .  .  .  .H H H0 /  / /z 0 t
Proof. Again we begin by applying Lemma 3.5 to establish the equiva-
 . p qlence of 3.13 with the boundedness of T : L ª L . Since neither Mw w 00
 .  .  .nor M is empty we can use the estimates 3.4 and 3.5 for G x, s1
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provided by Proposition 3.2 to get
z zB da CG x , s ds f x 1 y x s 1 y s ds, if x F t ; .  .  .H H
t t
z xb DA cG x , s dt f x 1 y x s 1 y s ds .  .  .H H
t t
zB da Cqx 1 y x s 1 y s ds, if t - x F z ; .  .H
x
z zb DA cG x , s ds f x 1 y x s 1 y s ds, if z - x ; .  .  .H H
t t
t tB da CG x , s ds f x 1 y x s 1 y s ds, if x F z ; .  .  .H H
z z
xt b DA cG x , s dt f x 1 y x s 1 y s ds .  .  .H H
z z
tB da Cqx 1 y x s 1 y s ds, if z - x F t ; .  .H
x
and
t tb DA cG x , s ds f x 1 y x s 1 y s ds, if t - x . .  .  .H H
z z
Making these substitutions in the expression for T from Definition 3.4
 .  .  .we obtain Tg x f T g x q ??? qT g x where1 8
z zB da CT g x s x 1 y x s 1 y s ds g t dt x x , .  .  .  .  .H H1 0 , z .
x t
x xb DA cT g x s x 1 y x s 1 y s ds g t dt x x , .  .  .  .  .H H2 0 , z .
0 t
x zB da CT g x s x 1 y x s 1 y s ds g t dt x x , .  .  .  .  .H H3 0 , z .
0 x
1 tB da CT g x s x 1 y x s 1 y s ds g t dt x x , .  .  .  .  .H H4 0 , z .
z z
x tb DA cT g x s x 1 y x s 1 y s ds g t dt x x , .  .  .  .  .H H5  z , 1.
z z
1 tB da CT g x s x 1 y x s 1 y s ds g t dt x x , .  .  .  .  .H H6  z , 1.
x x
x1b DA cT g x s x 1 y x s 1 y s ds g t dt x x , .  .  .  .  .H H7  z , 1.
x z
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z zb DA cT g x s x 1 y x s 1 y s ds g t dt x x . .  .  .  .  .H H8  z , 1.
0 t
Once again, the boundedness of these positive operators is equivalent to
the boundedness of their sum so we may examine each one individually. T1
w xis a conjugate Hardy operator on 0, z , bounded if and only if
yp
zBq dX aq Cw xB 0, z , t 1 y t w t , s 1 y s ds w t - `. .  .  .  .H0  / /t
T is bounded if and only if2
D b qc A qw xB 0, z , s 1 y s , 1, t 1 y t w t , w t .  .  .  . .1 0
and
D b qc A qw xB 0, z , s 1 y s , 1, t 1 y t w t , w t .  .  .  . .2 0
are finite.
w xT is a Hardy operator on 0, z , bounded if and only if3
q
zBq daq Cw xB 0, z , t 1 y t s 1 y s ds w t , w t - `. .  .  .  .H 0 / /t
The operator T is of rank one so the sharpness of Holder's inequalityÈ4
gives necessary and sufficient conditions for its boundedness:
X 1rpXp1rqz X1 tBq d 1ypaq Ct 1 y t w t dt s 1 y s ds w t dt - `. .  .  .  .H H H0 /  / /0 z z
In the same way as T . . . T give rise to the first five conditions, T . . . T1 4 5 8
give rise to the last five. This completes the proof.
EXAMPLE 3.8. Suppose p, q, M , and M are as in Theorem 3.7 and set0 1
1ypX b da gw t s t 1 y t and w t s t 1 y t . 3.14 .  .  .  .  .0
 .Then there exists a constant C such that 3.13 holds pro¨ided a q 1, b q 1,
g q 1 q aq, and d q 1 q bq are positi¨ e. Here a and b depend on M and0
M as in Definition 3.1.1
 .  .Proof. Set z s 1r2. With w t as above, it is immediate that 1.4 holds
so it remains to verify the ten weight conditions of Theorem 3.7.
From Definition 3.1 we see that either A s a or A s a y 1 and either
B s b or B s b y 1. Suppose for the moment that A s a and B s b. To
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 .verify the weight conditions in this case we follow these three steps: 1
 .Each condition involves integrals over subintervals of 0, z or subintervals
 .of z, 1 or both so extend the range of integration in each case to either
 .  .  .  .0, z or z, 1 as appropriate. 2 Use the fact that positive or negative
 .powers of 1 y x, 1 y t, and 1 y s are bounded above on the interval 0, z
 .  .and powers of x, t, and s are bounded above on the interval z, 1 . 3 Use
the restrictions on a , b , g , and d to evaluate the remaining integrals.
We illustrate this procedure by showing that the third weight condition
is satisfied when p F q.
D b qc A qw xB 0, z , s 1 y s , 1, t 1 y t w t , w t .  .  .  . .2 0
1rqz b qqdA qqgs sup t 1 y t dt .H /x0-x-z
=
X 1rpXp
x x D bc as 1 y s ds t 1 y t dt .  .H H / /0 t
X 1rpXp1rqz z z
A qqg c aF K sup t dt s ds t dtH H H /  / /0 0 00-x-z
which is finite because c G 0, a q 1 ) 0, and Aq q g q 1 s aq q g q 1
  .) 0. K is the constant arising from Step 2 . It depends on bq q d and
.b.
The case 1 - q - p of the third weight condition, as well as all the other
weight conditions, may be verified in this way. If A s a y 1 or B s b y 1
the result still holds but a bit more care must be taken in the estimates.
We omit the details.
 .  .Remark. If the weights w and w are of the form 3.14 and satisfy 1.40
then the restrictions on a , b , g , and d are also necessary for the
 .inequality 3.13 .
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